is study presents the damaged flexibility matrix method (DFM) to identify and determine the magnitude of damage in structural elements of plane frame buildings. Damage is expressed as the increment in flexibility along the damaged structural element. is method uses a new approach to assemble the flexibility matrix of the structure through an iterative process, and it adjusts the eigenvalues of the damaged flexibility matrices of each system element. e DFM was calibrated using numerical models of plane frames of buildings studied by other authors. e advantage of the DFM, with respect to other flexibility-based methods, is that DFM minimizes the adverse effect of modal truncation. e DFM demonstrated excellent accuracy with complete modal information, even when it was applied to a more realistic scenario, considering frequencies and modal shapes measured from the recorded accelerations of buildings stories. e DFM also presents a new approach to simulate the effects of noise by perturbing matrices of flexibilities. is approach can be useful for research on realistic damage detection. e combined effects of incomplete modal information and noise were studied in a ten-story four-bay building model taken from the literature. e ability of the DFM to assess structural damage was corroborated. Application of the proposed method to a ten-story four-bay building model demonstrates its efficiency to identify the flexibility increment in damaged structural elements.
Introduction
e dynamics of our planet require that existing buildings withstand increasingly complex combinations of loads, such as earthquakes and intense winds. It is inevitable that construction materials age, experience temperature changes, and suffer chemical reactions due to the environmental conditions. All these factors cause damage to buildings during their useful life, especially in areas of high seismicity such as Mexico, where earthquakes have caused serious damage [1] [2] [3] . In September 2017, earthquakes caused critical damage to buildings in Mexico City and in other smaller communities [4] . Knowing the location and extent of structural damage in a building can prevent its catastrophic collapse [5] [6] [7] [8] [9] [10] .
Assessing the structural health of a structure is important; it is thus necessary to define a damage index that allows monitoring the structural health of a building. In general, a damage index is defined as the change of a system characteristic that allows a quantitative comparison between the undamaged state and the damaged one. Some authors define the damage index as a loss of stiffness [11] [12] [13] , as an increase of flexibility [14, 15] , or as modal strain energy changes [16, 17] , among other definitions [18] [19] [20] [21] .
In the literature, there are many experimental studies showing that frequencies and modal shapes may be suitable parameters for the diagnosis and monitoring of the structural health of a structure [22] [23] [24] [25] . However, during the last decades, many researchers have been developing practical and efficient methods for the identification of structural damage using dynamic properties of buildings. For example, Rodríguez et al. [26] presented a damage detection method called Damage Submatrices Method (DSM), which expresses the damage intensity as the loss of stiffness of a structural element. is method can identify damage in specific zones using the natural frequencies and modal shapes of the undamaged and damaged structure.
Fan and Qiao [18] presented an exhaustive review of damage identification methods based on modal parameter changes, as well as on the main damage identification algorithms of signal processing. ey classified damage identification methods into four categories according to their vibration characteristics: methods based on natural frequencies, methods based on modal shapes, methods based on curvature shapes, and methods combining modal shapes and frequencies.
ey reported that most of the methods based on modal shapes and curvature shapes are more effective to locate the damage of a building. However, these methods are very sensitive to optimization algorithms or signal processing techniques. In this paper, we use a combined method of shapes and modal frequencies to adjust flexibility matrices of the structure. Using these matrices, the DFM identifies accurately damaged elements.
In the field of structural damage detection, application of the flexibility matrix of a structure has drawn the attention of many researchers, because of its high sensitivity for damage location, and because it can be accurately estimated using only a few modal shapes. ese advantages have allowed the use of the flexibility matrix to develop various damage detection methods. Li et al. [27] developed a damage identification method using a "generalized flexibility matrix," by which they used to detect changes in stiffness in a simply supported beam using frequencies and modal shapes of the damaged and undamaged structure. Weng et al. [28] proposed a new substructuring method for damage detection in a structure; they obtained substructural flexibility matrices corresponding to each substructure and calculated the corresponding eigenvalues and eigenvectors to use them as indicators of damage. is method is very sensitive to localized damage; however, it is necessary to have many accelerometers close to the damage location. Katebi et al. [29] proposed a modified modal flexibility method, which is based on updating a proposed sensitivity equation derived from a finite element model. is method determines the modal flexibility that is used to detect and quantify the damage. However, because it requires numerous sensors, it is not practical to use it on experimental models. Bernagozzi et al. [30] developed a method for detecting damage in shear buildings when the mass of the system is not known or when there is very little information about it. is method estimates the modal deflections that are proportional to real deflections; after this estimation, the story drifts are evaluated to locate loss of stiffness. Bernagozzi's method only locates the damaged story and not each structural element damaged; thus, it can only be used if the acceleration records of all stories in a building are available.
Many damage detection methods based on structural flexibility have been developed. Despite their ability to estimate the flexibility matrix of a structure from measured lower-order modal shapes, these methods still suffer from modal truncation error, particularly on a complex structure with many higher modes that are not measured [27] [28] [29] [30] . In this paper, we present the damaged flexibility matrix method (DFM), a new iterative damage detection method using the procedure developed by Baruch [31] , to optimize and correct flexibility matrices from vibration measurements. In contrast to other methods, the DFM was highly accurate in the damage cases studied, when limited modal information was available, thus minimizing errors related to higher-order modal truncation. e DFM locates and evaluates the flexibility increase in any structural element of a plane frame of a building, based on the frequencies and modal shapes of damaged and undamaged structures. A damage index is defined representing the flexibility increase of each structural element. e DFM is based on eigenvalue decomposition. In contrast to the existing methods, the DFM assigns an individual indicator of damage to each structural element. e method was calibrated using numerical model of a tenstory four-bay building taken from the related literature. e DFM was validated by comparing it with the DSM, taking into account measurements of limited modal information. Finally, a new procedure was proposed, and it was used to simulate noise in modal measurements, perturbing flexibility matrices. Study cases corroborated the practicality and ability of the DFM to identify and assess the damage of structural elements of a building.
is article is organized as follows: Section 2 is dedicated to the theoretical background; a way to assemble the flexibility matrix of a plane frame, its application in structural damage detection, and the DFM algorithm are presented. In Section 3, the DFM was calibrated using a ten-story and four-bay frame building, then the DFM was applied to this frame building, which was damaged during the earthquake in Mexico on September 19, 1985 [32] . is building was previously studied by Escobar et al. using a structural damage detection method called Matrix Transformation Method [33] , and by Rodríguez et al. using the Baseline Stiffness Method [34] .
is building is representative of Mexico City; it is located in the lake area, according to its seismic zoning map [35] . In Section 4 the effects of limited modal information and noise are evaluated on our method. Finally, in Section 5 a more realistic scenario was studied, considering records of accelerations taken from the stories of the building, and the effects of noise.
DFM
e global flexibility matrix F of a plane frame without damage, with a number of general degrees of freedom (dof ), can be expressed as (see Appendix A)
where [B]i are equilibrium matrices representing the relationship between generalized loads and internal loads, whose order is m × dof. e numbers of internal loads of each structural element are represented by m. e matrix 2
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[B]i is obtained by applying unit loads to each dof considered; then, the internal loads of each structural element are obtained.
[Fe] i are the flexibility matrices of each structural element of the structure. Similar to other studies [26, 27, 33, 36] , in our model the damaged global flexibility matrix [F] D of the structure can be calculated as the difference between the flexibility matrix of the undamaged structure [F] and the contribution of flexibilities matrices [Fe] i corresponding to the i-th element multiplied by a scalar damage indicator [x] i ; that is,
where N is the total number of elements of the structure and x i contains information about the flexibility increase of each damaged structural element in the form:
e index x i varies from 0 to 1; zero represents no damage and one represents completely damaged. It is important to note that this work does not intend to study the damage derived from the sudden removal of beams or columns. For this reason, the damage cases studied will involve a certain level of damage (increased flexibility) caused by changes in the properties of the material.
Substituting (1) into (2) and rewriting the equation, we get
Using matrix notation, this equation can be written as
Grouping all the matrices that contain the damage indicators x i and rewriting the previous expression in a compact form, the following equation is obtained:
where the rectangular matrix [X] is of size of dof × (dof × N) and contains squared submatrices corresponding to each damage indicator x i . Similarly, [F s ] is of size (dof × N) × dof and has the following form:
e objective of our damage detection method is to calculate the unknown matrix [X] of equation (6) , which can be achieved using the pseudoinverse method [37] applied to equation (7):
[X] can thus be written as
where [X] can be broken down into N square matrices [x s ] i containing information about the damage of each structural element. Grouping elements of matrix [X],
Matrix damage indicators will be obtained from equation (9) . However, a scalar indicator for each structural element is needed. One approach used by many researchers to describe a matrix that contains damage information is eigenvalue decomposition [11, 28, 34, 38, 39] . Applying this approach to each matrix [x s ] i we obtain
where λ and [ϕ] are a scalar eigenvalue and eigenvector of matrix [x s ] i and the matrix [I] is a unit matrix. According the fundamental property of eigenvalue decomposition, after equation (10) is solved and after the eigenvector matrix [Φ] i containing all the eigenvectors [ϕ] is obtained, the corresponding eigenvalue λ is stored in a diagonal squared matrix [Λ] i ; from this matrix, a single scalar value is taken as a damage indicator, whose greatest eigenvalue will be the scalar indicator of damage selected x * i . is scalar value yields lower levels of relative errors for a determined number of iterations, meaning that the detection method converges faster. Faster convergence was expected since the greatest eigen value from matrix [x s ] i is related to the energy level characterizing the system [37] . e objective of the DFM will be to obtain all the values x i of each structural element, until a minimum tolerance e, between [F] D and the approximate damaged flexibility matrix
is is achieved through an iterative process, in which the damage indicator identified x * i in each iteration accumulates with the damage indicator obtained in the previous iteration; this new damage indicator x i is substituted into equation (2) in order to obtain an approximate flexibility matrix [F D ] for the next iteration. e following algorithm is proposed to identify damage in structural elements, based on flexibility matrices (see Appendix B for more details):
Ten-Story Four-Bay Plane Frame Building.
In order to demonstrate the efficiency of the proposed method for damage identification using simulated damage in a complex structure, the DFM was applied to a ten-story and four-bay frame building belonging to the Mass Transportation System Authority of Mexico (thereafter Advances in Civil Engineering 3 MTSAM). is building is located in Mexico City ( Figure 1 ); it has a regular geometry in plan with shear walls in the transverse direction; therefore seismic biaxial effects are minimal for the interior frame that we studied in this article. Figure 1 (a) shows the building's elevation geometry. Figure 1 (b) shows the numbering assigned to its structural elements. e cross-sections of all beams are 400 × 900 mm; columns along axes A and E on all stories are 500 × 900 mm; columns along B, C, and D axes of stories 1 and 2 are 500 × 900 mm; columns of stories 3 and 4 are 500 × 800 mm; columns of stories 5 and 6 are 500 × 700 mm; and columns of stories 7 to 10 are 500 × 600 mm. e weight of floors 1 to 9 is 1,451 kN and weight of floor 10 is 1,161 kN. Elastic modulus E is 14.7 GPa. e first step to validate the DFM was to use complete modal information of the structure.
us, we decided to study the damage cases D1, D2, and D3 that were analyzed by Rodríguez et al. [26] . Table 1 compares our results with those reported by Rodriguez et al. It should be noted that the damage was simulated by changing the section properties of structural elements, which resulted in a flexibility increase along the length of the damaged structural element. erefore, when we compared the relative errors of the DSM and the DFM (Table 1) , we were comparing the ability of both methods to detect and identify damage in structural elements at specific locations. e damage cases analyzed represent an irregular distribution of the damage. e damage case D1 includes damaged structural elements located at different stories. Cases D2 and D3 include damage located on the first and last stories, respectively. It is important to note that the distribution of damage that we selected intends to simulate the distribution of the real damage corresponding to what was observed by visual inspection after the earthquake.
According to the results shown in Table 1 for the three damage cases analyzed (D1-D3), the DFM identified all the damaged elements with relative errors equal to zero; except for the damaged beams 55, 56, 57, and 58 of the second story, which were identified with a relative error of 0.1% (damage case D1). In contrast, the DSM identified five groups of damaged elements with a relative error equal to 0.1% (22-24; 37-39; 55-58; 51-54 and 46, 50). erefore, the proposed DFM uses fewer iterations than the DSM to identify the damage; this difference can be easily observed by comparing the relative errors obtained for a given iteration value.
When one additional iteration was performed (see Table 1 ), both the DFM and the DSM yielded relative errors equal to zero for all damage cases studied (D1-D3), probably because both methods characterize the matrix that contains damage information in the same way (using eigenvalue decomposition and the greatest eigenvalue). e authors noticed that when the greatest eigenvalue is not used, the DFM may need an additional number of iterations, especially when the distribution of the damage is very irregular. In any case, Table 1 clearly shows that the DFM has greater sensitivity for damage detection, demonstrating excellent precision and the ability to assess damage in buildings.
It is important to note that the objective of the data analysis presented in Table 1 was to calibrate and validate the proposed method, for which complete modal information was considered. e effect of modal truncation is another important variable to be taken into account in damage detection methods based on flexibility. In order to evaluate these effects on the DFM, we used a technique taken from the literature to adjust the flexibility matrices with vibration measurements.
Effects of Limited Modal Information and Noise
It is well known that noise in modal measurements and errors due to modal truncation are the main variables that affect structural damage detection methods based on flexibility matrices [27] [28] [29] [30] . For this reason, we evaluated the sensitivity of DFM when these variables were considered. erefore, a higher number of iterations could be needed, starting from Step 8 in the DFM algorithm ( Figure 2 ). Using a higher number of iterations our method converged in all damage cases studied. e identified damage indicators are obtained in such a way that they do not change when the number of iterations increases.
In order to evaluate the effects of limited modal information and noise we first evaluated the errors due to modal truncation; then, we developed a way to simulate the noise by perturbing flexibility matrices. Finally, considering both effects combined, we applied the DFM to the numerical model of the MTSAM building ( Figure 1 ).
Effects of Limited Modal Information.
e DFM and other reported methods of damage detection are affected by the incomplete modal information of the structure under study; therefore, the method's accuracy and damage identification ability are affected. To evaluate the errors due to modal truncation in the fit of lateral flexibility matrix of the damaged structure [F] D , the Baruch system identification method was used [31] .
is method establishes that the optimal vibration mode is
where [φ] is the matrix of modal shapes of the system and [M] is the mass matrix. According to Baruch, the condensed flexibility matrix of the damaged structure can be adjusted as
We can adjust the flexibility matrix of the damaged structure [F] D using the matrix of modal shapes [φ] obtained from experimental measurements, equation (12) . First, we need to generate a flexibility matrix [F] in a reference state; this matrix can be obtained from system identification techniques using experimental data [40] , or using the geometric and mechanical characteristics of the structure [41] . Second, we need to calculate the matrix q, whose dimensions vary depending on the number of vibration modes used to adjust the flexibility matrix of the damaged structure. It should be noted that for all the damage cases studied in the present work, the mass matrix [M] was assumed to be constant. e Baruch method was used to adjust the damaged condensed flexibility matrix of the MTSAM building ( Figure 1) ; the flexibility matrix of the building [F] is 10 × 10, (1) and build matrix [F s ] equation (7) Solve
Apply eigenvalue decomposition to every matrix of damage [x s ] i equation (10) Identify greatest eigenvalues in magnitude Advances in Civil Engineering 5 assuming a degree of freedom per story. We analyzed the three damage cases studied by Rodríguez et al. [26] (J1 to J3) ( Table 2 ). e flexibility matrix of the MTSAM building is assembled first, following the procedure described in Section 2. en, the damage indicators shown in Table 2 for the three damage cases analyzed (J1-J3) are applied. en, from the damaged flexibility matrix and the mass matrix, the frequencies and modal shapes of the MTSAM building are obtained and are then used to adjust the damaged flexibility matrix. Finally, the relative errors for each term of the main diagonal of the flexibility matrix are computed. e first case (J1) simulates damage in three columns of the first story: elements 1, 3, and 5, with 40%, 30%, and 50% flexibility increase, respectively. e second case (J2) simulates damage in three columns of the tenth story: elements 46, 48, and 50, with 40%, 30%, and 50% flexibility increase, respectively. e third case (J3) simulates damage in three columns of the fifth story: elements 21, 23, and 25. e damage cases J1-J3 have the same damage percentages, varying only the location of the damaged story; therefore, this damage distribution allowed the evaluation of the sensitivity of the Baruch method, to adjust the flexibility matrix considering different damage positions. In Figure 3 , the abscissa axis represents the number of modes used to adjust the simulated condensed flexibility matrix of the damaged structure, and the ordinate axis represents the relative errors due to modal truncation for the 10 elements of the main diagonal of the flexibility matrix. Figure 3(b) shows the greatest relative error value [F D ] 9,9 corresponding to a story below the one that was considered damaged (tenth story). In this model, even if we adjusted stiffness or flexibility matrices with experimental modal information using the Baruch method, the greatest relative errors are presented for the terms of the principal diagonal of the flexibility matrix corresponding to the stories where the damage occurs (cases J1 and J3) or near them (case J2). is result could be due to the fact that for both approaches the optimal vibration mode is defined in the same way (equation (11)). Despite this result, when flexibility matrices were used, lower maximum relative errors were obtained, so it is expected that lower relative errors are obtained for the same cases studied using the DFM. Figure 3 (a) (damage case J1) shows that, in order to obtain relative errors lower than 10%, four or more modes had to be used to adjust the condensed flexibility matrix. A similar behavior is observed in Figure 3 (b) for case damage J2. However, for case J3, five or more modes are needed. For these damage cases studied, when flexibility matrices are used, less modal information is necessary to obtain relative errors below 10%, which is in contrast with the results obtained by Rodríguez et al. [26] . In other words, one less modal shape is needed when the flexibility matrix is used, than when we work with the stiffness matrix. In contrast to the results obtained by Rodríguez et al. [26] , who needed eight or more modes to obtain the same level of relative error for cases J1 and J2, in our study all modes were required for the three damage cases studied in order to obtain errors below 2%. erefore, to study localized damage in specific areas, it is more convenient to use the DSM.
When the first three vibration modes of the MTSAM building were used (33% of total modal shapes), the relative error values for the diagonal terms were below 10% in the damage case J1; however, the relative error value was 11.1% for the damaged story. A similar pattern was obtained for the damage case J2 (Figure 3(b) ); in this case, the greatest relative error was 11.5% (using the first three vibration modes) for the story below the damaged one. In the damage case J3, all the diagonal terms were below 10%, except for [F D ] 4,4 , [F D ] 5,5 and [F D ] 6,6 , which correspond to the damaged story, to one story below the damaged story, and to one story above the damaged story, respectively, with maximum relative errors of 9.9%, 11.4%, and 11.6%. According to these results, the relative error values ranged from 11.1% to 11.6% for all damage cases, when only the first three modes of vibration were used.
As expected, as the number of modes used to adjust the damaged flexibility matrix increased, the relative error values decreased and converged to zero when all the vibration modes were used. Nevertheless, there was no relationship between the trend of relative error values and the damaged story location. According to the results shown in Table 1 , the errors due to the modal truncation effect are independent of the DFM accuracy.
Ten-Story Four-Bay Building Model with Limited
Modal Information. It is well known that detection methods based on the flexibility matrix are affected by the limited Advances in Civil Engineering modal information effects. In order to evaluate the errors derived from modal truncation in the present method (Section 2), the DFM was applied to the ten-story four-bay frame of the MTSAM building ( Figure 1) . First, the flexibility matrix of the damaged structure was adjusted using equation (12) . en, the calculated matrix was expanded to global coordinates, through an adjustment factor that relates the adjusted condensed flexibility matrix with modal information and the flexibility matrix of the numerical model considering all degrees of freedom. Table 3 presents the periods for the first ten vibration modes for the MTSAM building; the dominant period was Advances in Civil Engineering 7
1.348 s. is value is similar to the dominant periods of other buildings with similar characteristics in Mexico City, as has been reported by other authors [42] . Eigenvalues shown in Table 3 were used in equation (12) to adjust the flexibility matrix of the damaged structure. Table 3 also presents the modal participating mass ratios of the MTSAM building; the highest ratio of participating mass corresponded to the first vibration mode (86% of the total mass), and the lowest one corresponded to the tenth vibration mode (0.004% of the total mass). erefore, the first mode has a greater contribution to the modal response of the MTSAM building and also a high contribution to damage identification (Figure 4) . To identify the damage, the expanded flexibility matrix of the damaged structure was compared with the matrix obtained from the nondamaged state using the DFM algorithm ( Figure 2 ). e damage case J1 was studied to simulate structural damage. Figure 4 presents the relative errors calculated using the simulated damage values and the damage values calculated for three damaged elements. e greatest relative error values were − 0.20%, − 0.31%, and − 0.14% for elements 1, 3, and 5, respectively, which were considered damaged. ese three relative error values were present when the first nine modes of vibration were used to adjust the flexibility matrix of the damaged structure. Relative errors were equal to zero when we used all 10 modes of vibration. When the first mode was used, the relative errors were equal to zero. is is convenient for practical cases studies in which only a few modal shapes can be identified. A similar trend was observed by Rodríguez et al. [26] using the DSM, possibly because both methods calculate the contribution of each structural element to damage identification using a summation of matrices. However, lower relative error values were obtained with the DFM when the modal truncation effects were considered (relative errors were below 0.5% for all damaged elements). e relative error values for elements 1 and 5 have a similar pattern, because of the symmetry in the geometric location of these columns within the structure. Yet, the DFM presented the greatest relative error of − 0.31% for element 3, while Rodríguez et al. [26] reported a relative error of − 34% corresponding to element 5. According to Figure 4 , for the same case studied, the DFM was less sensitive to errors derived from modal truncation than the DSM [26] because the Baruch method [31] adjusts the flexibility matrix with lower relative error values (Figure 3 ) than when the stiffness matrix is used.
Simulation of the Noise Effects Using Flexibility Matrices.
Most of the damage detection methods reported in the literature use dynamic measurements of the structure response to nurture damage detection algorithms. ese measurements include noise that affects the accuracy for identifying the damage. e DFM uses modal information (frequencies and modal shapes) to adjust the flexibility matrices, so it will be affected by noise effects. For this reason, frequencies and modal shapes were taken into account in the DFM. e objective of this section is to develop a new approach to simulate the noise effects by perturbing flexibility matrices. e effects of this perturbation mimic modal measurements affected by uncertainties in the measurements. A common practice to simulate the noise effects is to perturb modal shapes [43] . We thus used the perturbed adjusted flexibility matrices. e matrix of modal shapes disturbed by noise [φ] can be calculated as
where N is a specific noise level (in percentage) and R is a random number with zero mean and unit variance. Equation (13) has the following form:
where c � 1 + (N)/(100) * R. Substituting equation (14) into equation (11), in the optimal mode defined in Section 3.1, the perturbed optimal modal shape [q] is
Equation (11) is obtained in such a way that modal shapes are normalized with respect to mass and flexibility. After perturbing equation (12), we get 8
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Analogously to equation (13),
Equating equations (18) and (19), substituting ci, and solving for [No],
Finally, after substituting equation (20) into (19) , the perturbed flexibility matrix by noise is
To evaluate the noise effects on the DFM, this equation was applied to the damaged condensed flexibility matrix of the ten-story four-bay building model (Figure 1) . N ranged from 0 to 30% to simulate the noise effects in the system flexibility matrix. Figure 5 shows the relative error values between [F] and [F] for each term of the main diagonal (i, i). After varying the noise levels from 0% to 30%, a similar trend for all terms studied was observed. When the noise percentage was zero, the relative error for all main diagonal terms was null, and increasing the specific noise level N increased the relative error values. is effect is expected since the random value R is applied to all components of the flexibility matrix perturbed with noise. Rodríguez et al. [26] obtained a similar trend; however, the greatest relative error value reported by them was approximately 35% for the element (10, 10), and the value obtained with this approach was 6% ( Figure 5) . erefore, the methodology presented in this section demonstrated lower error levels for the same perturbation indices N after perturbation of the flexibility matrices.
It can also be observed that the greatest relative error values (10, 10) correspond to the upper story and that the relative error decreases as the stories decrease. In general, the relative error values were below 10% for all the terms of the main diagonal. Figure 5 shows that the relative error values between the terms of the main diagonal of the perturbed and unperturbed flexibility matrix are lower than 4% for noise levels (N) lower than 25%, and lower than 3% for noise levels (N) lower than 12%. We thus verified that the specific noise levels perturb flexibility matrices. Consequently, using these perturbed matrices will produce damage detection errors depending on the noise level. Yet, according to the results of the previous section, this is not a problem of the DFM (Figure 4) . Nevertheless, a sensitivity study considering noise effects for different structures might be necessary to generalize these results.
Ten-Story Four-Bay Frame Building Model with Modal Measurements and Noise
In order to evaluate the ability of DFM for detecting damage in a more realistic way, a linear beam model was implemented in SAP2000 software of the MTSAM building frame (Figure 1) . is model was excited with the acceleration record of the Mexico earthquake on September 19, 1985. is earthquake was of 8.0 magnitude of moment, and the peak acceleration for the MTSAM station in the East-West direction was of 168 gals with a dominant period of 2.0 s for this particular site [44] .
From the accelerations records of the stories of the MTSAM building, the frequencies and modal shapes were obtained using a signal analysis technique called Frequency Domain Decomposition (FDD), developed by Brincker et al. [45] . Figure 6 shows the variation of the singular values of the spectral density matrix of the accelerations of the 10 stories of the MTSAM building. e greatest peaks correspond to the principal frequencies of vibration, considering one degree of freedom per story. Table 4 summarizes the modal frequencies identified.
In Figure 6 , the peak values of spectral density correspond to the upper story. Only the acceleration record of this story was needed to identify the principal modal frequencies of the building. A practical way to validate the modal frequencies identified is through the expression reported by Muriá and Gonzales [42] that estimates the first natural period of vibration for representative buildings in Mexico City.
is expression indicates that we must divide the number of stories by 10 to obtain the natural period in seconds. One second was obtained for the MTSAM building studied, which corresponded to one hertz. is value was close to the first identified frequency in Table 4 . e modal shapes of the MTSAM building are plotted in Figure 7 ; they were obtained using FDD and normalized with respect to the upper story. Although a linear model in SAP2000 was used, frequencies and modal shapes were measured using recorded accelerations of the MTSAM building stories; this is in contrast with results presented in Section 3.1.1, where eigenvalue decomposition was used ( Figure 4) . erefore, the DFM sensitivity for damage localization depends on the signal processing technique. However, in engineering terms, the type of mode normalization does not affect the DFM considerably ( Figure 8 ). Figure 8 shows the magnitude of relative error of damage values obtained by applying the DFM to the MTSAM building model with modal information measured from acceleration records. e greatest damage value was − 34.81% and corresponded to element 3. When the first nine modes were used to adjust the flexibility matrices, the maximum relative errors were obtained for all damaged elements, except for element 1. However, for practical cases, it will be sufficient to use only the information of the first mode, for which relative errors below 2% were obtained. In other words, the DFM minimizes errors due to modal truncation, when it uses the first seven vibration modes of the structure. As expected, based on the results shown in Figure 3 , when all modes were used, the relative error values were lowest. Note also that some values close to zero in Figure 4 increased considerably in Figure 8 , due to the sensitivity of the FDD technique, and not to a defect of the DFM itself, as was already demonstrated in Table 1 .
In general, as shown in Figures 4 and 8 , when the first 4 or 5 vibration modes were used to adjust the flexibility matrices, lower levels of relative errors were obtained than when higher modes were used (except when all modes were used). Lower modes may have a greater contribution to the adjustment of the flexibilities matrices, as reported [46, 47] . e advantage of DFM with respect to other detection methods based on flexibility matrices is that it minimizes the adverse effect of modal truncation, even when it was applied in a more realistic scenario in a numerical model of a tenstory four-bay building. e DFM demonstrated its ability to identify the damage, minimizing errors due to modal truncation.
In addition to the effects of limited modal information, the noise effect was taken into consideration to assess the damage to the ten-story four-bay frame model (Figure 1) . A specific noise level of N � 3% was used in equation (21) and the number of previously measured modes varied from 1 to 10, using equation (12) . Figure 9 shows the relative error values of damage obtained after applying the DFM when simultaneously considering the noise effects and limited modal information measured. We found that the DFM was very sensitive to the noise effects. For example, when the first mode was used to adjust the flexibility matrix of the structure, error magnitudes below − 35% were obtained for all the damaged elements. It is also observed that the greatest relative error value corresponds to element 1 with − 194.5% of error. Figure 8 corresponds to element 3 with an error magnitude of − 34.81%. is increment is due to the noise effect ( Figure 9) , and not to a defect of the DFM (Figure 8 ). e DFM thus shows excellent accuracy to assess damage when the noise effects are not included and when complete modal information is used (Table 1) .
It is difficult to establish a relationship between the damage location and the optimal number of modes needed to identify the damage with error values below a specific level. In other words, we cannot establish the necessary number of modes of vibration beforehand to detect damage with a maximum value of relative error. However, for the case studied here, the lowest relative error values were obtained when the first mode was used for the three damaged simulated elements; this was achieved using theoretical modes (Figure 4 ), using modes measured from acceleration records (Figure 8 ), even considering noise effects ( Figure 9 ). An explanation of why in these three scenarios the first mode of vibration presented low values of relative error is that the first mode provides most of the information for damage detection (Table 3 ). In other words, the modal participation mass ratio of the first mode is higher than the other ones, as occurs in many buildings with regular mass and flexibility distribution in height. It may be 10 Advances in Civil Engineering necessary to conduct sensitivity studies for damage identification, taking into account models with irregular mass and flexibility distribution. In this study, we noticed that, for structures with regular mass and flexibility distribution in height, the DFM is more sensitive for the identification of damaged elements that are relatively close to each other.
Conclusions
e DFM uses a new approach to assemble the damaged flexibility matrix of a frame building; through an iterative process (involving calculations of eigen parameters) the DFM identifies the flexibility increase for each structural element of a ten-story and four-bay frame building. In contrast to existing methods based on flexibility matrices, DFM minimizes the adverse effects of modal truncation, obtaining relative error magnitudes below 0.5%, when complete modal information is available.
DFM can identify structural damage with sufficient precision using only the first mode of vibration or multiple vibration modes. e DFM demonstrated excellent accuracy to assess damage cases with irregular distribution when all modal parameters are used and when noise levels are zero. e DFM was more accurate than the DSM to detect damage at the same number of iterations. e DFM is also a new approach to simulate the noise effect perturbing flexibility matrices and can be used to develop more realistic damage identification methods without the need to modify the detection algorithms.
DFM was very sensitive to noise effects. For a specific noise level of 3% and considering modal information measured from acceleration records, the DFM identified damage with the greatest relative error value of 194.5% for element 1, and lowest value of 5.6% for the damage case J1, when the first three vibration modes were used. However, in practical cases, it would be sufficient to use the first four modes to identify the damage using the DFM.
is is convenient because only a limited number of modes can be identified in realistic cases. In addition to errors due to modal truncation and to noise effects, a source of error in the DFM was the system identification technique, through which signals were processed. Despite these sources of errors, the DFM located and assessed the damage of structural elements. Damage detection errors were mainly caused by the simulated noise and not by the method itself.
Currently, the authors are working on assessing the sensitivity of the DFM for damage detection when it is fed with other system identification techniques, as well as on developing a relationship between flexibility increase and physical damage of structural elements.
We can express the total displacement D T of a plane frame structure of N degrees of freedom as the contribution of the individual displacements of its structural elements D i :
where n is the total number of elements and the size of the matrices D i is N × N. According to the flexibility matrix definition, we can express equation (A.1) as F T * Q � F 1 * Q + F 2 * Q + F 3 * Q + · · · + F n * Q,
where F T is the global flexibility matrix with the order N × N. F i are the flexibility matrices of its elements and have the following form: where E is the modulus of elasticity, I is the area moment of inertia, and L is the length of the beam or column. ese F i just consider the bending effect and model rigid inter-elemental connections. e boundary conditions can be modeled by restraining the freedom degrees of the supports.
Q is the load vector applied in the N degrees of freedom with the order N × 1 and m is the displacement number of every structural element. e individual displacements D i of equation (A.1) can be calculated using the following compatibility equation: Expressed more compactly, this equation can be written as
B. Damaged Flexibility Matrix Method Algorithm
(a) From the undamaged structure, build matrix [F s ], which contains information of each structural element in its base state (equation (7)). Data Availability e data used to support the findings of this study are available from the corresponding author upon request.
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